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FUNDAMENTALS OF FOURIER ANALYSIS

TABLE 2.3. Continuous time Fourier transform (CTFT) theorems. The Fourier
transform, typically complex, can be expressed in rectangular (Cartesian)

coordinates as X(u) = R(u) + jl(u), or in

ogolar coordinates, X (u) = |X(u)|ejZX(“).

Convolution is defined by x(¢) * h(t) = f—oo x(t) h(t — 1) dt. The deterministic
correlation integral is x(¢) x h(t) = ffooo x(T)h*(t — t)dt = x(t) * h*(—r). When

x = h, this operation is deterministic autocorrelation.

Transform x(t) < X(u)

scaling x(at) <~ ﬁX (;—‘)

shift x(t—1) < X(uye/2mur
modulation x()e 2V < X(u—v)

scale then shift x(£5) < ﬁX (&) e/2mur
shift then scale x(L—b) < ﬁX (&) e/2muab
derivative (L)' x(r) < (72w u)"X ()
integral fioo x(7)dt < Jég‘i + %X(O)S(u)
conjugate x*(1) < X*(—u)
transpose x(—1) < X(—u)

inversion ffooo X(u)e 27 dy < X(u)

duality X(t) < x(—u)

linearity axi (1) + bxy(1) < aXi(u) + bX>(u)
convolution x(1) * h(t) < X(u)H (u)
correlation x(t) x h(t) < X(w)H*(u)

real signals

causal signals

Fourier series

sampling theorem

if x(¢) is real

= R(u) = R(—u),

[X(w)| = |X(—u)l,
x(t) = x(H)u(t)
= 1) = =L % R(u),

Tu

Zn C’lejZmu‘/T

>, XnsIinc(2Bt — n)

< X(u) = X*(—u),
I(u) = —I(—u)
LX)} = — X (—w)}.
< X)) = 2L % X(u)
R = L % I(u)
o, u-1)
o X me T I ()
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TABLE 2.4. Some Fourier transform pairs. Additional Fourier transform pairs are

in Tables 2.5, 4.1, 4.2 and 4.3. (Continued on the next page.)

x(1) «— X(u)
3(0) «— 1
exp(j2mt) <« Su—1)
cos(27t) — I8+ 1) +8u— 1)
sin(271) — L8+ 1) = 8(u—1)]
I1() > sinc(?)
exp(—H)u(t) «— (1 +j2mu)!
cos(mH)II(¢) “«—> 1 (sinc (u + §) + sinc (u —
sinck (1) «— T () /sincX (u)
sinc(?) sgn(?) <« 77’7' log %
dp(1) == (L) sinc(r) «— (2w Tl(u)
sinc(£)ju(r) — 1) — 4 log “f;
A1) «— sinc? (u)
A1) sgn(7) «— 5L (1 = sinc(2u))
sgn(?) <~ —j/(wu)

: «— —jm sgn(u)
(%) «—> —j2 Si27u)
mfl/Z - _|u‘71/2

lt]71/% sgn(7) > —jlul =" ?sgn(u)
=12 () s (—j2u)'/?
(1) — L CORED
el «— 2(1 -i-(27ru)2)_1
e Msgn(r) s —jamu (1 + Qrup)™
e~ Wsine(1) — + arctan (517 )

_ 2 - Qmu)?

e - Iz @iy
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TABLE 2.5. Some Fourier transform pairs. (Continued from Table 2.4.)

x(t) <« X(u)
Si(rt) s M
Jj2u
cos(mt)/(rt) <« i (7147 %) —jn (uf %)
Jo(2mt) «— (%) /vV1—u?
J u
Jo(2mt)sgn(t) PR oy (TT(%) — 1) sgn(u)
jine(r) «— V1 —u? 11 (%)
Ju(2rt) 1 (/2)" 2vw—1 o (u
; —= — - I (5
Q1) V> 2 ~ ﬁF(er%)( us)""2 (2)
comb(?) <~ comb(u)
¥ 8t —n) > 1 (1 — j cotan(rru))
ZIZZ#V 8(t —n) PEEEN (2N + 1) array,y , ()
exp(fmz) e exp(fnuz)
exp(jalz) <« JjT/a exp(—j(nu)z/a)
sech(rrt) <« sech(mu)
sech(rrt) tanh(rt) <« —jmu sech(mwu)
sechz(m) <~ 2u cosech(rru)
tanh(st) <« —j cosech(mu)
k—1  —at . I'(k)
e u(t); a>0 <~ 7(41 T
1 jin u
Ju(27t) > T Tu(wI1 (%)
Jn(271) > 3 J" PO (/2)
e Hu(V27 1) — e T By (V2 u)
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TABLE 2.6. Discrete time Fourier transform (DTFT) theorems. Discrete time convolution
is defined by x[n] * h[n] = Y o__ . x[m] hln — m]. Correlation is x[n] x h[n] =

Zif:—oo x[m] h*[n — m] = x[n] * h*[—n]. The notation “fl” means integration over any unit
interval.

Transform x[n] PEN Xp(f) = Y00 _ o x[nle 2
periodicity — Xp(f —p)ip =0, 41,42, ...
shift x[n —k] N XD(f)e—jzyrkf

modulation x[n)e 2 < Xp(f —v)

cumulative sum >0 x[k]; x[n] is causal pas e;(ﬁ;“zl

conjugate x*[n] < X5 (=)

transpose x[—n] < Xp(—f)

inversion x[n] = [, X(F)e/ df PEN Xp(f)

linearity ax[n] + by[n] <~ aXp(f) + bYp(f)

convolution x[n] * hn] <~ Xp(f)Hp(f)

circular convolution x[n]h[n] < f_oooo Xp(WIT(W)Hp(f — v)dv

= [, Xp(W)Hp(f — v)dv

correlation x(1) * h(t) < Xp(wH}(u)
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TABLE 3.1. Continuous time convolution algebra.

Property Continuous
definition x@Oxh(@) = [Z__ x(Dh(t — t)dr
identity element x()x8(t) = x(1)
commutative x(t)xh(t) = h(t)*x(t)
associative x(0) * (O *h()} = {x(2) % y(0)} * h(z)
distributive x(t)* (O +h()) = (x(@0) % y(©)

+{x (1) * h(1)}
shift x(t — ) *h(t) = x()*h(t—1)

frequency response (1) s e 72Tt

Fourier transform x(1) * h(t)

d
derivative 7 [x(0) % h(t)]

— H(u)e Jj2mut

< XwH®@)

= @ * h(t)

dt
= x(t)* %
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TABLE 3.2. Discrete time convolution algebra.

Property

Discrete

definition
identity element
commutative
associative

distributive

shift
frequency response

Fourier transform

x[n] * hin]
x[n] * 8[n]
x[n] * hn]
x[n] * {y[n] * hin]}

x[n] # {y[n] + hln]}

x[n — m] * h[n]
R[n] % e /27

x[n] * hln]

> x[mlhln — m]
x[n]

hin] * x[n]

{x[n] = y[nl} * hln]
{x[n] * ylnl}

+{x[n] * hln]}

x[n] * h{n —m]
Hp(f)esmf

Xp(f)Hp(f)
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TABLE 4.1. The probability density functions, characteristic functions, means and variance of
some common continuous random variables are listed here. The characteristic function, ®x(u), is

the Fourier transform of fx(x). (Continued in Table 4.2.)

Name Parameters fx(x) Dy (u) X o}
Uniform X,R>0 %1‘[ ("}Y) sinc(Ru)e 27 uX X 2
Triangle X,R>0 %A (";Y) sinc?(Ru)e /274X X %
@=X?
. - 1 22 —j2wuX X 2
Gaussian X Tonox e X e X oy
ox >0 x ¢=20muox )’
Exponential A>0 e pu(x) ﬁ % )%2
Y o ,—o|x—X| o? Y 2
Laplace X 5e i X )
a>0 x e=i2muX
Sech a>0 o sech(ax) sech(mu/a) 0 ﬁ
1 — P! B r r 2
Pearson 111 a, B >0 o) (%) (W) at g pB
P e+ 4 i
peN xe P oux—a) X e /U

TABLE 4.2. Continued from Table 4.1. Notes. (1) The Erlang random variable (See Figure 4.5) is a
special case of the gamma random variable with @ = m € N. (2) The chi-square (x %) random
variable (See Figure 4.4) is also a special case of the gamma with « = k/2, k € Nand A = 1/2.

(3) Yup(w) =1 F1(b+1,b+ c + 2, —j2mu). See Exercise 4.9 for the derivation. (4) The Cauchy
random variable has undefined mean and variance.

>

Name Parameters Jx(x) Dy (u) oy
Gamma A>0,0>0 A(”)a?&;““ ® a _szlm Ty < 5
Erlang! A>0,meN W (%)m z z
Chi-Square? keN ’l;k/fﬁ;,://;"") (1 Jr_,.zm)k/z k 2%
Beta’ ab>0 ot (b+c+1) Sl Tl
X T (x = 5) X Tap() Xpren
Cauchy* a>0 Xz"‘f;z e—2malu| no no
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TABLE 4.3. Probability mass functions for common discrete random variables. The probability
density function for discrete random variables of the lattice type are in (4.7). The characteristic
function is in (4.8). The characteristic function, ®x(u), is the discrete time Fourier transform of py.
Notes: (1)0<p<landg:=1-p,(2) (Z) = ﬁlk)' (3) See Exercise 4.12. The negative binomial

is stated more generally in some sources with probability mass py = I'(p + k)p?(1 — p)*/(k! T(p))
for p > 0. This is also referred to as the Pdlya distribution. The entry in this table is then relegated
to the status of a special case for p = r = a positive integer and is called the Pascal distribution.

Name Parameter(s) Pk Dx(u) X U)%
Deterministic a S[x —a] e/2mau a 0
Bernoulli! p p 8Lk +q 8[k — 1] P+ ge T » Pq
Uniform discrete N e N %; 0<n<N e~/m(N=Du % 7(N711)(2N+1)
xarray y (1)
Binomial!-2 n>0,p (")pkq"_k, (q + pe 72wy np npq
0<k<n

Geometric! P pqFulk] l_mpﬁ % ,%
Poisson a>0 ak[:!“[k] Qe o o
Negative binomial'->3 P (f_:i)p’qkﬁu[k -7 (ﬁ)r ; ;L;
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