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TABLE 2.3. Continuous time Fourier transform (CTFT) theorems. The Fourier
transform, typically complex, can be expressed in rectangular (Cartesian)

coordinates as X(u) = R(u)+ jI(u), or in polar coordinates, X(u) = |X(u)|e j 	 X(u).
Convolution is defined by x(t) ∗ h(t) = ∫∞

−∞ x(τ ) h(t − τ ) dτ . The deterministic
correlation integral is x(t) � h(t) = ∫∞

−∞ x(τ )h∗(τ − t)dτ = x(t) ∗ h∗(−t).When
x = h, this operation is deterministic autocorrelation.

Transform x(t) ↔ X(u)

scaling x(at) ↔ 1
|a|X

( u
a

)

shift x(t − τ ) ↔ X(u)e−j2πuτ

modulation x(t)e j2πvt ↔ X(u− v)

scale then shift x
( t−τ

a

) ↔ 1
|a|X

( u
a

)
e−j2πuτ

shift then scale x
( t

a − b
) ↔ 1

|a|X
( u

a

)
e−j2πuab

derivative
( d

dt

)n
x(t) ↔ (j2πu)nX(u)

integral
∫ t
−∞ x(τ )dτ ↔ X(u)

j2πu + 1
2 X(0)δ(u)

conjugate x∗(t) ↔ X∗(−u)

transpose x(−t) ↔ X(−u)

inversion
∫∞
−∞ X(u)e j2πutdu ↔ X(u)

duality X(t) ↔ x(−u)

linearity ax1(t)+ bx2(t) ↔ aX1(u)+ bX2(u)

convolution x(t) ∗ h(t) ↔ X(u)H(u)

correlation x(t) � h(t) ↔ X(u)H∗(u)

real signals if x(t) is real ↔ X(u) = X∗(−u),

⇒ R(u) = R(−u), I(u) = −I(−u)

|X(u)| = |X(−u)|, 	 {X(u)} = −	 {X(−u)}.
causal signals x(t) = x(t)μ(t) ↔ X(u) = −j

πu ∗ X(u)

⇒ I(u) = −1
πu ∗ R(u), R(u) = 1

πu ∗ I(u)

Fourier series
∑

n cne j2πnt/T ↔∑
n cnδ

(
u− n

T

)

sampling theorem
∑

n xnsinc(2Bt − n) ↔∑
n xne−jπu/B �

( u
2B

)

We can use the arbitrary integration over a period in (2.14) for the following
reason. For any periodic function, y(t), with period T , the integral

∫ τ+T
t=τ y(t)dt is

independent of τ . For any τ , the result is simply the area of a single period. The
product of two periodic functions with period T results in a periodic function with
period T . Since x(t) has period T and e−j2πnt/T has period T , the product, y(t) =
x(t)e−j2πnt/T , has a period of T . Thus, integration over any period, independent of
where the integration begins, gives the same value. The integration notation in (2.14)
follows.

If we define xT (t) to be any single period of x(t):

xT (t) =
{

x(t) ; τ < t ≤ τ + T
0 ; otherwise

(2.16)

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, Oxford University Press, (2008).
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TABLE 2.4. Some Fourier transform pairs. Additional Fourier transform pairs are
in Tables 2.5, 4.1, 4.2 and 4.3. (Continued on the next page.)

x(t) ←→ X(u)

δ(t) ←→ 1

exp(j2π t) ←→ δ(u− 1)

cos(2π t) ←→ 1
2 [δ(u+ 1)+ δ(u− 1)]

sin(2π t) ←→ j
2 [δ(u+ 1)− δ(u− 1)]

�(t) ←→ sinc(t)

exp(−t)μ(t) ←→ (1+ j2πu)−1

cos(π t)�(t) ←→ 1
2

(
sinc

(
u+ 1

2

)+ sinc
(
u− 1

2

))

sinck(t) ←→ �(u)/sinck(u)

sinc(t) sgn(t) ←→ − j
π

log

∣∣∣∣ u+ 1
2

u− 1
2

∣∣∣∣
dp(t) := ( d

dt

)p
sinc(t) ←→ (j2πu)p �(u)

sinc(t)μ(t) ←→ 1
2�(u)− j

2π log

∣∣∣∣ u+ 1
2

u− 1
2

∣∣∣∣
�(t) ←→ sinc2(u)

�(t) sgn(t) ←→ −j
2πu (1− sinc(2u))

sgn(t) ←→ −j/(πu)

1
t ←→ −jπ sgn(u)

1
t �

( t
2

) ←→ −j2 Si(2πu)

|t|−1/2 ←→ −|u|−1/2

|t|−1/2 sgn(t) ←→ −j|u|−1/2sgn(u)

t−1/2 μ(t) ←→ (−j2u)1/2

μ(t) ←→ 1
2

(
δ(u)− j

πu

)

e−|t| ←→ 2
(
1+ (2πu)2

)−1

e−|t|sgn(t) ←→ −j4πu
(
1+ (2πu)2

)−1

e−π |t|sinc(t) ←→ 1
π

arctan
(

1
2u2

)

|t|e−a|t| ←→
√

2

π

a2 − (2πu)2

(a2 + (2πu)2)2

Equations (2.32) and (2.33) also follow immediately from adding and subtracting the
conjugate of e jθ from e jθ in (2.31) respectively.

(a) Taylor series characterization
To show Euler’s formula in (2.31), consider the Taylor series

ez =
∞∑

n=0

zn

n! . (2.34)

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, Oxford University Press, (2008).
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TABLE 2.5. Some Fourier transform pairs. (Continued from Table 2.4.)

x(t) ←→ X(u)

Si(π t) ←→ �(u)

j2u

cos(π t)/(π t) ←→ jμ
(−u− 1

2

)− jμ
(
u− 1

2

)

J0(2π t) ←→ �
( u

2

)
/
√

1− u2

J0(2π t)sgn(t) ←→ j

π
√

u2 − 1

(
�
( u

2

)− 1
)

sgn(u)

jinc(t) ←→ √
1− u2 �

( u
2

)

Jν (2π t)

(2t)ν
; ν > −1

2
←→ (π/2)ν√

π�(ν + 1
2 )

(1− u2)ν−
1
2�

( u
2

)

comb(t) ←→ comb(u)
∑∞

n=0 δ(t − n) ←→ 1
2 (1− j cotan(πu))

∑N
n=−N δ(t − n) ←→ (2N + 1) array2N+1(u)

exp(−π t2) ←→ exp(−πu2)

exp( jat2) ←→ √
jπ/a exp(−j(πu)2/a)

sech(π t) ←→ sech(πu)

sech(π t) tanh(π t) ←→ −jπu sech(πu)

sech2(π t) ←→ 2u cosech(πu)

tanh(π t) ←→ −j cosech(πu)

tk−1e−atμ(t); a > 0 ←→ �(k)

(a+ j2πu)k

Jn(2π t) ←→ 1

π

j−n

√
1− u2

Tn(u)�
( u

2

)

jn(2π t) ←→ 1
2 j−nPn(u)� (u/2)

e−π t2
Hn(
√

2π t) ←→ j−ne−πu2
Hn(
√

2π u)

FIGURE 2.2. The limit of this rectangle function as A→∞ is a Dirac delta function with zero width,
infinite height and unit area.

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, Oxford University Press, (2008).
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TABLE 2.6. Discrete time Fourier transform (DTFT) theorems. Discrete time convolution
is defined by x[n] ∗ h[n] =∑∞

m=−∞ x[m] h[n− m]. Correlation is x[n] � h[n] =∑∞
m=−∞ x[m] h∗[n− m] = x[n] ∗ h∗[−n]. The notation “

∫
1” means integration over any unit

interval.

Transform x[n] ↔ XD(f ) =∑∞
n=−∞ x[n]e−j2πnf

periodicity = XD(f − p); p = 0,±1,±2, . . .

shift x[n− k] ↔ XD(f )e−j2πkf

modulation x[n]e j2πnv ↔ XD(f − v)

cumulative sum
∑n

0 x[k]; x[n] is causal ↔ XD(u)
e j2π f−1

conjugate x∗[n] ↔ X∗D(−f )

transpose x[−n] ↔ XD(−f )

inversion x[n] = ∫
1 X(f )e j2πnf df ↔ XD(f )

linearity ax[n] + by[n] ↔ aXD(f )+ bYD(f )

convolution x[n] ∗ h[n] ↔ XD(f )HD(f )

circular convolution x[n]h[n] ↔ ∫∞
−∞ XD(ν)�(ν)HD(f − ν)dν

= ∫
1 XD(ν)HD(f − ν)dν

correlation x(t) � h(t) ↔ XD(u)H∗D(u)

Define the signal of samples as

s(t) =
∞∑

n=−∞
x[n] δ (t − nT ) .

Note that

s(t) = x(t)
∞∑

n=−∞
δ (t − nT )

= x(t)
1

T
comb

(
t

T

)
. (2.114)

Using the Fourier transform for the comb in Table 2.4 and the convolution property23 reveals
that sampling replicates the spectrum.

s(t)←→ S(u) = X(u) ∗ comb(Tu)

= X(u) ∗ 1

T

∞∑
n=−∞

δ
(

u− n

T

)

= 1

T

∞∑
n=−∞

X
(

u− n

T

)
.

This replication, pictured in Figure 2.25, is periodic in the frequency domain with a period
of 1

T . The Fourier series of this periodic function is obtained from the Fourier transform

23. See Table 2.3.

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, Oxford University Press, (2008).



[16:20 9/9/2008 5165-Marks-Ch03.tex] Job No: 5165 MARKS: Doing Qualitative Research Using Your Computer Page: 115 104–150

FOURIER ANALYSIS IN SYSTEMS THEORY 115

When the impulse response in (3.19) is used, the superposition integral in (3.14) becomes
the convolution integral

g(t) =
∫ ∞
−∞

f (τ )h(t − τ )dτ. (3.20)

A shorthand notation for convolution is

g(t) = f (t) ∗ h(t). (3.21)

For discrete time systems, the convolution sum is

g[n] =
∞∑

m=−∞
f [m]h[n− m]

= f [n] ∗ h[n]
where the discrete time LTI impulse response is

h[n] = S{δ[n]}.

3.3.3.1 Convolution Algebra

Convolution algebra properties for continuous time and discrete time operations are in
Tables (3.1) and (3.2). Using the definition of convolution and Fourier transformation,
these properties are straightforward to show.

The frequency response property of convolution indicates a single frequency signal,
expressed as a complex exponential, when placed through an LTI system, yields an output of
the same frequency albeit with different magnitude and phase. The magnitude and phase are
expressed by the frequency response as a complex number. The magnitude of the complex

TABLE 3.1. Continuous time convolution algebra.

Property Continuous

definition x(t) ∗ h(t) = ∫∞
τ=−∞ x(τ )h(t − τ )dτ

identity element x(t) ∗ δ(t) = x(t)

commutative x(t) ∗ h(t) = h(t) ∗ x(t)

associative x(t) ∗ {y(t) ∗ h(t)} = {x(t) ∗ y(t)} ∗ h(t)

distributive x(t) ∗ {y(t)+ h(t)} = {x(t) ∗ y(t)}

+{x(t) ∗ h(t)}

shift x(t − τ ) ∗ h(t) = x(t) ∗ h(t − τ )

frequency response h(t) ∗ e j2πut = H(u)e j2πut

Fourier transform x(t) ∗ h(t) ↔ X(u)H(u)

derivative
d

dt

[
x(t) ∗ h(t)

] = dx(t)

dt
∗ h(t)

= x(t) ∗ dh(t)

dt
R.J. Marks II, Handbook of Fourier Analysis and Its Applications, 

Oxford University Press, (2008).



[16:20 9/9/2008 5165-Marks-Ch03.tex] Job No: 5165 MARKS: Doing Qualitative Research Using Your Computer Page: 116 104–150

116 HANDBOOK OF FOURIER ANALYSIS AND ITS APPLICATIONS

TABLE 3.2. Discrete time convolution algebra.

Property Discrete

definition x[n] ∗ h[n] = ∑∞
−∞ x[m]h[n− m]

identity element x[n] ∗ δ[n] = x[n]

commutative x[n] ∗ h[n] = h[n] ∗ x[n]

associative x[n] ∗ {y[n] ∗ h[n]} = {x[n] ∗ y[n]} ∗ h[n]

distributive x[n] ∗ {y[n] + h[n]} = {x[n] ∗ y[n]}

+{x[n] ∗ h[n]}

shift x[n− m] ∗ h[n] = x[n] ∗ h[n− m]

frequency response h[n] ∗ e j2πnf = HD( f )e j2πnf

Fourier transform x[n] ∗ h[n] ↔ XD( f )HD( f )

number indicated amplification of the input complex exponential and the angle of the
complex number indicates the phase shift. Specifically, for an LTI system with impulse
response h(t),

S{e j2πvt} = e j2πvt ∗ h(t) = H(v)e j2πvt . (3.22)

where the frequency response, H(u), is the Fourier transform of the impulse response.

h(t)←→ H(u).

This property, illustrated in Figure 3.9, reveals the LTI system alters the amplitude and
phase of each frequency, but otherwise does not alter the frequency. If a large mechanical
body has a single component vibrating at a given frequency, then, if an LTI system, all
vibrations in the body are of the same frequency, albeit at different phases and amplitudes.
Likewise, in large LTI systems of arbitrarily connected resisters, inductors, capacitors and
amplifiers, a single sinusoidal voltage source inserted at any part of the circuit will result
in every current and voltage in the circuit oscillating at the same frequency. The phasor
used in linear circuit analysis allows the magnitude and phase of these oscillations to be
characterized [141, 1184].

The complex frequency response in (3.22) is physically interpreted by its real component.
Taking the real part of both sides of (3.22) gives

S{cos(2πvt)} = cos(2πvt) ∗ h(t) = |H(v)| cos (2πvt + � H(v)) (3.23)

FIGURE 3.9. A sinusoidal input into an LTI system always results in a sinusoidal response of the same
frequency. The magnitude change and phase shift are specified by the frequency response, H(u).

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, 
Oxford University Press, (2008).



[14:05 15/10/2008 5165-Marks-Ch04.tex] Job No: 5165 MARKS: Doing Qualitative Research Using Your Computer Page: 153 151–216

PROBABILITY, RANDOM VARIABLES AND STOCHASTIC PROCESSES 153

TABLE 4.1. The probability density functions, characteristic functions, means and variance of
some common continuous random variables are listed here. The characteristic function, �X (u), is
the Fourier transform of fX (x). (Continued in Table 4.2.)

Name Parameters fX (x) �X (u) X σ 2
X

Uniform X,R > 0 1
R�

(
x−X

R

)
sinc(Ru)e−j2πuX X R

12

Triangle X,R > 0 1
R�

(
x−X

R

)
sinc2(Ru)e−j2πuX X R2

6

Gaussian X 1√
2πσX

e
− (x−X)2

2σ2
X e−j2πuX X σ 2

X

σX > 0 ×e−2(πuσX )2

Exponential λ > 0 λe−λxμ(x) λ
λ+j2πu

1
λ

1
λ2

Laplace X α
2 e−α|x−X| α2

(2πu)2+α2 X 2
α2

α > 0 ×e−j2πuX

Sech α > 0 α sech(παx) sech(πu/α) 0 1
4α2

Pearson III α, β > 0 1
β�(p)

(
x−α
β

)p−1 (
β

β+j2πu

)p
α + p

β
pβ2

p ∈ N ×e−
x−α
β μ(x − α) ×e−j2πuα

TABLE 4.2. Continued from Table 4.1. Notes. (1) The Erlang random variable (See Figure 4.5) is a
special case of the gamma random variable with α = m ∈ N. (2) The chi-square (χ2) random
variable (See Figure 4.4) is also a special case of the gamma with α = k/2, k ∈ N and λ = 1/2.
(3) ϒa,b(u) =1 F1(b+ 1, b+ c+ 2,−j2πu). See Exercise 4.9 for the derivation. (4) The Cauchy
random variable has undefined mean and variance.

Name Parameters fX (x) �X (u) X σ 2
X

Gamma λ > 0, α > 0 λ(λx)α−1e−λxμ(x)
�(α)

1
(1+j2πu/λ)α

α
λ

α

λ2

Erlang1 λ > 0,m ∈ N
λ(λx)m−1e−λxμ(t)

(m−1)!
(

λ
λ+j2πu

)m
m
λ

m
λ2

Chi-Square2 k ∈ N
x−1+k/2e−x/2μ(t)

2k/2�(k/2)

(
1

1+j4πu

)k/2
k 2k

Beta3 a, b > 0 xb(1−x)c

B(b+1,c+1) (b+ c+ 1) b+1
b+c+2

b+1
(b+c+2)2

× � (x − 1
2

) × ϒa,b(u) × b+2
b+c+3

Cauchy4 α > 0 α/π

x2+α2 e−2πα|u| no no

The pk’s denote the kth probability mass. To satisfy the conditions in (4.2) and (4.3),
we require

∞∑
k=−∞

pk = 1

and

pk ≥ 0 for all k.

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, 
Oxford University Press, (2008).
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The discrete random variable is said to be of the lattice type if the point probability
masses are located at only integers. Then

fX (x) =
∞∑

k=−∞
pkδ(x − k). (4.7)

The characteristic function of such random variables is given by the discrete time Fourier
transform

�X (u) = E
[
e−j2πuX

]

=
∞∑

k=−∞
pke−j2πuk . (4.8)

Some commonly used discrete random variables and their characteristic functions are in
Table 4.3.

4.2.1.2 Moments from the Characteristic Functions

Recall the derivative theorem.
(

d

du

)k

�X (u) =
∫ ∞
−∞

fX (x)
dk

duk
e−j2πuxdx

=
∫ ∞
−∞

(−j2πx)k fX (x)e−j2πuxdx.

TABLE 4.3. Probability mass functions for common discrete random variables. The probability
density function for discrete random variables of the lattice type are in (4.7). The characteristic
function is in (4.8). The characteristic function, �X (u), is the discrete time Fourier transform of pk .
Notes: (1) 0 ≤ p ≤ 1 and q := 1− p, (2)

(n
k

) = n!
k!(n−k)! (3) See Exercise 4.12. The negative binomial

is stated more generally in some sources with probability mass pk = �(ρ + k)pρ (1− p)k/(k! �(ρ))
for ρ > 0. This is also referred to as the Pólya distribution. The entry in this table is then relegated
to the status of a special case for ρ = r = a positive integer and is called the Pascal distribution.

Name Parameter(s) pk �X (u) X σ 2
X

Deterministic a δ[x − a] e−j2πau a 0

Bernoulli1 p p δ[k] + q δ[k − 1] p+ qe−j2πu p pq

Uniform discrete N ∈ N
1
N ; 0 ≤ n < N e−jπ (N−1)u N−1

2
(N−1)(N+1)

12

×arrayN (u)

Binomial1,2 n > 0, p
(n

k

)
pkqn−k; (q + pe−j2πu)n np npq

0 ≤ k ≤ n

Geometric1 p pqkμ[k] p
1−qe−j2πu

1
p

q
p2

Poisson α > 0 αk e−αμ[k]
k! eα(e−j2πu−1) α α

Negative binomial1,2,3 p, r
(k−1

r−1

)
prqk−rμ[k − r]

(
p

e j2πu−q

)r
r
p

rq
p2

R.J. Marks II, Handbook of Fourier Analysis and Its Applications, Oxford University Press, (2008).
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